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Abstract

The paper is devoted to study the integral transform

(17 . 1) (z) = / - (@t)?3) (xt)f (1) dt (2 > 0)

0

containing the Lommel-Maitland function

(—1)* (z)n+2k+2ff
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with 0 < <1 and o, € C (Re(o) > —1,Re(n + o) > —1) in the kernel on the
space £, of functions f such that

o dt
/ #FOr T <00 (15r<oo, veR).
0

Mapping properties such as the boundedness, the representation and the range of
the transform J7 , are proved.
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1. Introduction

The paper deals with the integral transform of the form

(12,1) (@) = /0 () 230 (at)f () dt (2> 0) (1.1)
with the kernel function

< (—1)* 2\ T2k 20
J;;’U(Z)_;)F(l‘i‘d'{‘k)r(l’}‘a‘{‘n'{"yk) (2) > (12)

where 0 < v < 1, o, € C with Re(o) > —1,Re(n + o) > —1. The function
J7.0(2) is called the Lommel-Maitland function. The transform (1.1) is clearly

defined for continuous functions f € Cy with compact support on R, = (0, 00).
When o = 0,

SV (—1)" 2\ 12k
JA@:JWQ»—E%MFG+U+WM(;) , (1.3)

and (1.1) takes the form

W3F) (@) = (T of ) (2) = /0 T @) 23yt fWdt (@>0).  (14)

We note that the Bessel-Maitland function J;)(z) (see [16] and [21]) is expressed
via (1.3) by

00 ., k )
J1(z) = kzzoklr(l(wiwk) = 271237 (2V/7). (1.5)

We also mention that for 4 = 1 the transform (1.1) is known as the Hardy trans-
form [26, Section 8.4] which for o = 0 becomes the Hankel transform

) (@)= [~ @02 ()] ()t (2> 0) (1.6
0
containing the Bessel function of the first kind J,(z) ([8, Section 7.2.1]) in the
kernel.

The Lommel-Maitland transform (1.1) is investigated in the spaces £,, of
complex-valued Lebesgue measurable functions f on Ry such that ||f|,, < oo,
where

e = [T 15OFS QSr<oc veR=(mo) 07
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and
[ flloy00 = esijélp[w”lf(m)l] (veR). (1.8)

We study the mapping properties such as the boundedness, the representation
and the range of the Lommel-Maitland transform J7 , f in (1.1).

The results obtained make more precise than those given by Betancor [4]
who proved the boundedness of the Lommel-Maitland transform JJ , with real
n from £,, into £, for 1 < r < oo, v € R, max[1/r,1 —1/r]sv < 1
and r £ s < 1/(1 —v). We also mention that the Lommel-Maitland transform
(1.1) was first considered by Pathak [18] - [20], who obtained some elementary
properties of this transform, proved an inversion formula, indicated the relation
of this transform with the Laplace transform, and applied the results to evaluate
a number of infinite integrals involving Meijer’s G-function. The particular case

of the Lommel-Maitland transform JJ f in (1.4) in the form

0 3322
(o) @) =27 [~ o2y (TR ) rwae @0, )

0

where J;)(z) is the Bessel-Maitland function (1.5), was considered by Agarwal [1]
- [3], who gave the Parseval relation and some other properties of this transform,
and proved three inversion formulas in a similar form to (1.4), in terms of a
double integral and as a diferential operator of infinite order applying to an infinite
integral. Betancor [5] obtained another invesrion formula and proved Abelian
theorems for the transform h,.,.

We also mention some results concerning the integral transforms with the
Bessel-Maitland function (1.5) in the kernel. Marichev [16] studied the transform

(T7f) () = /0 ” (@t)? T (@) f (£ dt (x> 0) (1.10)

in Lo (R4). Gupta and Jain [11] - [12] investigated another modification

(T7.F) (@) = /0  (at)” T (xt)f (£ dt (x> 0) (1.11)

in some spaces of generalized functions.
We show that the Lommel-Maitland transform (1.1) is a special case of the
so-called H-transfrom

(ala 061) T (ap’ap)

(Hf)(x) :/0 Hem [a:t (b B) o (bofi) S (®)dt (1.12)
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with the H-function as kernel - see, for example, [17, Chapter 2], [21, Section 8.3]
and [25, Chapter 1]. This transfrom has the property

(IMH f) (5) = H(s) (Mf) (1 —s), (1.13)

n S]

HF(bj +,8jS)HF(1 —a; —ozis)

with

(ala 061) T (apv ap)

I (5) = T [
’ (blnBl)?""(bq/BQ)

= i=1
T p q
H T (a; + a;9) H I'(1—-b;—8js)
1=n—+1 j=m+1

(a1,01),- -+, (a’P’ O‘P)
s 1.14
(blyﬁl)f"v(bqﬁq) ]) ( ) ( )

under certain conditions on the function f. Here m,n,p,q are integers such that
0sm=q,0=n<pia;, bjeCay, B €Ry (12i<p, 1272 q), and an
empty product, if it occurs, is taken to be one. 91 is the Mellin transfrom defined
by

(M) (s) = /O T e, (1.15)

It shoud be noted that for f € £,, with 1 £ r < 2 the Mellin transform 90 is
given by

o0

(MF) (s) = / T (Y dr (s =0+ it, ot € R), (1.16)

— 00

and if f € £,,(£,1 and Re(s) = v, then (1.16) coincides with (1.15), see [22].

Mapping properties such as the boundedness, the representation and the range
of the H-transform (1.12) were proved independently in [9] - [10], [13] - [15] and
[6] while the invertibility of (1.12) in £,, was given in [24]. In this paper we
apply the results in [9] - [10] and [13] - [15] to investigate such properties of the
transform JZJ. Section 2 deals with some results from the £, ,-theory of the H-
transfrom (1.12). The Mellin transform of the Lommel-Maitland function (1.2)
is given in Section 3. Section 4 is devoted to £, 2-thcory of the transform o
In Section 5 we present the boundedness, the range and the representation of the
Lommel-Maitland transform in the space £, for any r = 1.
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2. Auxiliary Results

In this section we give some results from the theory of the the H-transform
(1.12) on £, ,-spaccs given in [13] and [10]. Following these papers we use the
notation

Re(b1) _ Re(b)
N R Sl ILELP (21)
—00 (m=0);
. [1—Re(ar) — Re(ay,
5= mln[ - St ] (n>0), (2.2)
00 (n=0);
n D
T ST SRR o N SN (23)
i—1 i=n+1 1=1 J=m+1
m P n q
Z’BJ Z (a7 a,; = Zai — Z ,3]'; (2.4)
7=1 1=n—+1 i=1 j=m+1
q D
A=Y 8- o (2.5)
1=1 i=1
q D p—q
M:ij—zaiJrTa (2.6)
j=1 i—1
D

q
5= Ha;ai I157. (2.7)

We denote by &5 the exceptional set of the function H (s) which is the set of real
numbers v such that & < 1—v < § and H (s) has a zero on the line Re (s) = 1 —v.
We denote by [X,Y] the collection of bounded linear operators from a Banach
space X into a Banach space Y.

The £, o-theory of the H-transform is given by the following theorems.

THEOREM A. ([13, Theorem 3]) Let @ < 1 — v < B and either a* > 0 or
a* =0, A(l—v)+Re(u) £0. Then the following assertions hold:

(a) There is a one-to-one transform H € [£,2,£1 2] so that the relation
(1.13) holds for f € £,2 and Re(s) =1—v. Ifa* =0, A(l1—v)+Re(p) =0
and v ¢ Eq(, then the operator H maps £, onto £1_,.

(b) For f,g € £,2 the relation of integration by parts holds

/Ooo f(z) (Hg) (z) dz = /Ooo (Hf)(z) g (z)dz. (2.8)
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(c) Let fe £op, xe Cand h e Ry. If Re(A\) > (1 —v)h —1, then Hf is
given by

(Hf)(z) = hwl_(A+1)/hdix(>\+l)/h
X

m,n
) /0 Hp g |0t

When Re(\) < (1 —v)h —1,

(_>" h) 5 (alval) P (aP’O‘P)
(blaﬂl) 5T T (bqaﬁq) ) (_)‘ - 1v h’)

] F(t)dt. (2.9)

(Hf)(z) = —h.?:l_()“"l)/him()\—f—l)/h

dr
X m+1,n
/0 Hp-lrl,q—i-l xt

(ala 041) [ (alh ap) ) (_A7 h)
(_)‘ - 17 h) 9 (blaﬁl) y T (anBq)
(d) H is independent on v in the sense that, for v1 and vy satisfying the
assumptions and for respective transforms H on £,, 2 and Hs on £,, 2 given in
(1.13), H,f=Hyf is valid for [ € 2,,1’2 m£y2’2.

] £ (£)dt. (2.10)

THEOREM B. ([13, Theorem 4]) Let o < 1 —v < (8 and either a* > 0 or
a* =0, A(1-v)+Re(u) < —1. Then forz € Ry and [ € £, the transform
(Hf) (z) is given in (1.12).

Some of the results above can be extended to the space £, , with any r € [1, 00)
(see [9] - [10] and [13] - [14]). We note only two of these results.

THEOREM C. (10, Theorem 6.1]) Leta* > 0,a <1l-v < fandl £r £ s £ 0.

(a) The H-transform (1.12) defined on £, 2 can be extended to £, , as an
element of [£,,,£1_,s). Ifv ¢ Egcor 1 < r £ 2, then H is a one-to-one transform
from £, onto £1_, .

(b) If f € £, and g € £,y with 1/s+1/s' = 1, then the relation (2.8)
holds.

The range of the H-transform on £, , is different in nine cases [10, Sections
6 and 7). We shall use here only the one when a} > 0 and a3 < 0. For this we
need several special operators: the modified Laplace transform Ly,

Lhaf)2) = [ @ty e (<Kl @) f(0)dt >0) (211
0
for k € R (k #0) and o € C, the modified Hankel transform Hy,,

(i f) (@) = / C@) R (@) F e @>0) (212)
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fork € R (k+#0)and n € C (Re(n) > —3/2) (see [22] and [23, Section 39.2, note
36.4]), and the elementary transforms M, and W; of the forms

(Mef)(z) =2 f (z) (£€C), (2.13)
Wsf) (=) = [ (%) (6>0). (2.14)

THEOREM D. (10, Theorem 7.1]) Let ai > 0,a3 <0, a < 1—v < 8 and
1<r<oo.

(a) Ifv ¢ & orl <r <2, then H is a one-to-one transform on £,,,.

(b) Let w,&,¢ € C be chosen as

w:a*g—u—%, (2.15)

a*Re (&) =2 v(r) +2a5 (v —1)+ Re(p), (2.16)
Re(§) >v—1 (2.17)

Re(¢) <1—-v, (2.18)

where p is given in (2.6) and v (r) = max[1/r,1 —1/r]. Ifv ¢ Eg(, then
H (&)= <W5M1/2+w/(2a;)H—%%»2a’2‘<+w—1ﬂ-’7a;,1/2+§7w/(2a;))

(23/2—V+Re(w)/(2a;),r) ) (2.19)

where § is given in (2.7). When v € &y, H(L, ;) is a subset of the right hand
side of (2.19).

3. Mellin Transform of the Lommel-Maitland Function

The £, ,-theory of the Lommel-Maitland transform (1.1) is based on the
Mellin transform of the Lommel-Maitland function (1.2). Such a transform is
given by the following assertion.

LEMMA 1. Let 0 <y <1 and o,n € C satisly the relations

Re(c) > -1, Re(n+o)>—1, (3.1)
then for s € C with
1 3
—3 < Re(s)+Re(n+20) < L (3.2)
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there holds the equality

F<%+n+2a+s)f‘(%—g—a—%>
(M3, (0)]) (5) = 27772V
’ T §+Q+U+f T §_Q_f
4 2 2 4 2 2

1

' 1 s\’
I‘<1+77+0—'y[—+g+0] —l>

(3.3)

4 2

When o = 0, the function J;, () is replaced by J}(z), and the right inequality
of (3.2) is excluded.
Proof. It is known (see Betancor [4]) that

(72300 (2)]) (5)

1 7 § 3 7 ]
r{-4+7 S\p(2-1_,_°¢
IR G She L (i Bt}
3 n s 1 n vs\
r(2-17_2 r(1 B L
<4 2 2) ( tnve 7[4+U+2} 2)
Multiplying the numerator and the denominator of the right hand side of (3.4)

by I'(3/44+1/2+ 0 + s/2) and using the Legendre duplication formula (see [7,
1.2(15)])

(3.4)

['(2z2) = 22 12120 ()T <z + %) , (3.5)

we easily have the relation (3.3).

If o # 0, then according to (3.3) and (1.14), (fm[xl/?JZ’g(x)]) (s) is represented
by the function H of the form

(M2, (@)]) () = 272 v/

77+ +11 7]+ +31
gt | \27 7T 02 0\2 49
s I3 n
n

2

g
L2t T, ot a NN
g 27 9 472 ¥ 72 o 4 /'7 0”2

In particular, when o = 0, (3.3), (1.4), (1.14) and the property of lowering the
order of the H-function (see, for example [21, 8.3.26]) imply

n 31

(M2 (a)) (5) = 2 "I j+§,’12),(7 122]02) s|.37)

R D)
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4. £,9-theory of the Lommel-Maitland Transform Jg}a

In view of (3.6), the transform J7 , is regarded as a framwork of H-transform
(1.12):

(7o f) (@) =27"7%/x

o0 ﬁ—i—a—i-l,l),
b ] 32
0 7]+20+§,>’
1osd)
”7+1,1>’<7[n+0+1]_0_n’7> £ ) dt. (4.1)
2 42 2 4 2

In particular, the transform J} in (1.4) is the H-transform of the form, as 0 =0
in (4.1),

n 31

% S

O R A B I U I PIOL )
n+2J, Tt

4 -5

2

Now we apply the results in Section 2 to charactirize £, ,-properties of the Lommel-
Maitland transform (1.1). First we consider such a property for » = 2. According
to (3.6) and (2.1) - (2.6) we have

1
o= Re(n+20)—5, A=2Reln+20),
a*:1;7, :1;7’
4.3)
v\ /2 n 1 1 (
RGN amoon(ged)
§=12 5 ) w= (v 1)<0+2+4 5
s L . Y
a1:§7 02:—5

for the transform (4.1). For the transform (4.2) the same can be applied with
o =0 except B = +o0.
Let &3¢ be the exceptional set of the function 3{;:13 in (3.6). By virtue of (3.3)
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and (4.3), v is not in the exceptional set £y, if

1
vz_-+Re(n+20) or V§—§+Re(n+20), and

N |

.9#—77—20—2—2k (k=0,1,2,--+),
3 (4.4)
s#§—n+2m (m=0,1,2,--),

1 2
5 # — (77-{—20-{— 2) +;(1+n+a+n) (n=0,1,2,--+)
for Re(s) =1—v.
When o = 0, it follows that v ¢ Eg¢, for H being the function f}{tg in (3.7), if

§+Re(77)a 57&—77—2—% (k:07152>"')7

(4.5)
3%(n+%> +%(1+77+n) (n=0,1,2,--)

for Re(s) =1 —v.
Using (4.1), (4.3) and (4.4) and applying Theorems A and B, we obtain the
following result for the Lommel-Maitland transform (1.1) in the space £, .

THEOREM 1. Let 0 € C (0 #0),n € C and v € R be such that
Re(o) > -1, Re(n+o)> -1,
1 3 (4.6)
Re(n+20)—§<u<Re(n+20)+§

and let 0 < vy < 1.
(i) There is a one-to-one transform J} , € [£,2,£1 2] so that the relation

I‘<77+2a+1+s>r<?—ﬁ—a—f>
(ORI}, ) () = 2712w 2 M2 2

3 n 8 9 nn s
hd Toc\p(2 2
F<4+U+2+2) (4 2 2)

‘F<1+n+a'y[1i+a+;7]7;> (M) =2) (4.7)

holds for Re(s) =1 —v and f € £, 5. If the conditions in (4.4) are fulfiled, then
the operator J] , maps £, 5 onto £1_,2.
(ii) The relation

[ 0en@o@a= [~ 1) 00 @ 48



ON THE LOMMEL-MAITLAND TRANSFORM IN £, ,-SPACE 11

holds for f,g € £, 9.
(iii) Let A€ Cand h € R;. When Re(A) > (1 —v)h —1,J] ,f is given by

(o]];;,of) (.%) = 2_77—2(7\/7__‘_hx1—()\+1)/h%x()\+1)/h

11
AR, <n+a+, ;
2 42
H34 xt n 11
_1 -z
( + 20 + ) (2—1-4,2),
31
AR
. ., F)dt (z>0).(4.9)
7[5 o+ ]—n—0,§>,(—k—1,h)

When Re(A) < (1 —v)h —1,

(a]];;,af) (.T) = —2_77—20\/7__‘.hx1—(/\+1)/h%m()\+1)/h
n 1 1)
0 +o+ -
| HpY |at (2 4’2
/0 3,4

1
(‘A'l’h)a<77+20+571>7

1
5 ) (AR

3
3 < [ +J—|-411]_77_0"2y> f(t)dt (z>0).(4.10)

+

1\3\3 N3

o+
1
4

M\i—‘

(iv) Jj . is independent of v in the sense that, for 11 and vy satisfying the

()

assumptwns and for respective transforms J o1 on £,,2 and J o2 01 L2 given
n (4.7), there holds I} .. f =T} ,.of for f 6 21,1 2N Lo, 2
(v) J3,f is given by (4.1).

In particular, when o = 0, we have the following corollay for the transform

1.

COROLLARY 1. Let n € C and v € R be such that Re(n) > —1 and v <
Re(n) + 3/2.
(i) There is a one-to-one transform J € [£,2, £1 2] so that the relation

(MIZ1) ()
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1
r <§ +77+S>
=271 1— 4.11
]y T
17272 T a2 2
holds for Re(s) =1 —v and f € £, . If the conditions in (4.5) are fulfiled, then

the operator JJ maps £, 9 onto £; 2.
(ii) The relation

| @ @e@as= [ 1) (059) ) da. (4.12)
0 0

holds for f,g € £,.
(iif) Let A € C and h € R;. When Re()\) > (1 —v)h — 1, J7f is given by

d
(I f) () = 2_’7ﬁh$1—(>\+1)/h%x()\+1)/h

31
o0 (_Avh)v (ﬂ + R _>
: / HYL |at 2 42 £ (1) dt (4.13)
0

(o) (] n3) ca
(z > 0).

When Re(A\) < (1 —v)h —1,

(J?;f) (l‘) = _2_77\/Eh$1—(>\+1)/him()\_’_l)/h

dr
31
- (3+3) ™
: H2O | 2t £ (t) dt(4.14)
0o 7 (=A—1,h) + 10 n, 1 7
9 9 77 2’ ? 7 2 4 77 0-7 2

(z > 0).

(iv) JJ, is independent of v in the sense that, for 11 and vy satisfying

v; < Re(n) 4+ 3/2 (i==1,2) and for respective transforms 37(771) on £,, 2 and Q]]Z;2

on £,, 2 given in (4.11), there holds J) , f = J),f for f € £,, 2N £y, 2.
(v) J7f is given by (4.2).

5. Boundednes and Range of J7 , in Lor

Here we present the results characterizing the boundedeness and the range of
the Lommel-Maitland transform (1.1) in the space £,,. By virtue of (4.1), (4.3)
and (4.4), Theorems C and D(a) yield the boundedness of the transform J7 .
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THEOREM 2. Leto € C (0 #0),n € Candv € R be such that the conditions
in (4.6) are satisfied.

(a) Let1 = r < s < oo, then the transform J} , (1.1) defined on £, can be
extended to £,, as an element of [£,,,£1_,4]. If1 <r < 2,0rifl <r < oo and
the conditions in (4.4) are satisfied, then J7 , is a one-to-one transform from £, ,
onto £1_, ;.

(b) Let 1<r<s=<oo, fe&,,andge £, o withl/s+1/s =1, then the
relation (4.8) holds.

In particular, when o = 0 we obtain the boundedness of the transform J}
(1.4) on £,,.

COROLLARY 2. Letn € C and v € R be such that be such that Re (n) > —1
and v < Re(n) + 3/2.

(a) Let1l < r < s < oo, then the transform J;) defined on £,2 can be extended
to £,, as an element of [£,,,£1_,]. If1 <r <2, orifl <r < oo and the
conditions in (4.5) are satisfied, then J] is a one-to-one transform from £, onto
£:171/,5-

(b) Let1<sr<s=oo, fe Ly randge £,y withl/s+1/s' =1, then the
relation (4.12) holds.

Theorem D(b) gives the range of the Lommel-Maitland transform J7 , in the
space £,,.

TBEOREM 3. Leto € C (0 #0),n € Candv € R be such that the conditions
in (4.6) are satisfied. Let 1 < r < oo,

w:(1—7)<“2”+a+i>, (5.1)

where £ is chosen as

2y(r)+2y(1—v)—1]—Re(20+ 1) — 1, Re (&) > v —1(5.2)

Re(6) 2 -

1—
and let { be Re (¢) < 1 —v. If the conditions in (4.4) are satisfied, then

2

J’ryy,o*(gl/,r) = (WaMl/Q—W/WH’Y»W—’YC—1L7/2,£+1/2+w/"/) ('83/2—V—Re(w/'y),r) 5 (53)

where § is given in (4.3). When some condition in (4.4) is not satisfied, then
Iy o (£,.) is a subset of the right hand side of (5.3).

In particular, when o = 0 we obtain:

COROLLARY 3. Let n € C and v € R be such that Re(n) > —1 and v <
Re(n)+3/2. Let 1 < r < oo, and let w be given in (5.1) with o = 0 and let € and
¢ be in (5.2) with o = 0. If the conditions in (4.5) are satisfied, then

Ty(Cur) = (WsMyja oy Hyocalyjagiasaiass) (C3/2 v Rewimr) - (5:4)

13
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When some condition in (4.5) is not satisfied, then J)(£, ;) is a subset of the right
hand side of (5.4).

REMARK 1.  The Lommel-Maitland transform J , for real  in the spaces
Lorwith 1l <r <oo,v€Rand v(r) £v <1 was considered by Betancor [4].
In the paper the boundedness of J7 , from L into £1_, ;s is established, under
the assumptions 0 < v < 1 and

9 3
c>-1, n+o>-1, 1+max[1,n+2o’—2]<V<77+2o—+2, (5.5)

which are more hard than the conditions (4.6) of Theorem 2(a) for real 7.

REMARK 2. Betancor [4] gave conditions for the characterizing the range of
the Lommel-Maitland transform (1.1) in terms of the Fourier cosine-transform

w0 = (2) v [Teosensma >0 (5.6)
in the forms
T (S0) € FelLay) (5.7)
and
T () = Fe(L1). (5.3)

He also obtained the conditions for the imbedding
Jgi,m (27/77“) - JZ;,UQ (21/,1“) (5.9)

for different ~;, n; and o; (i = 1,2).
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